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M15 IS RATIONALLY CONNECTED
Andrea Bruno, Alessandro Verra
1. Introduction.
Let D be a smooth, irreducible complex projective curve, it is certainly an unex-
pected property that D moves in a linear system
| D |
on a smooth irreducible surface S which is not birational to D×P1. For a curve D
of genus g with general moduli such a property is indeed equivalent to the existence
of a rational curve R such that
[D] ∈ R ⊂Mg,
where Mg is the moduli space of D and [D] denotes the moduli point of D. Due
to the fundamental theorem of Eisenbud, Harris and Mumford on the Kodaira
dimension of Mg, there is no rational curve through a general point of Mg if
g ≥ 23. Therefore we have not to expect the above property for a given curve D of
genus g ≥ 23.
Of course the existence of a rational curve through a general point of Mg just
means thatMg is a uniruled variety. The uniruledness ofMg is somehow expected
for g ≤ 23, more precisely it is implied by two famous conjectures: the conjecture
that every variety of negative Kodaira dimension is uniruled and the so called slope
conjecture on effective divisors ofMg. The latter one implies thatMg has negative
Kodaira dimension for g ≤ 22, (cfr. [HM] and [FP]).
In spite of being expected, the uniruledness of Mg for g ≤ 22 persists to be an
open problem if 16 ≤ g ≤ 22. Let us briefly recall some history and some known
facts about this matter. For g ≤ 14 one knows more: Mg is not only uniruled
but also unirational. The proof of the unirationality of Mg goes back to Severi for
g ≤ 10, while the cases between 11 and 14 admit more recent proofs due to Sernesi
(g = 12), Chang and Ran (g = 11, 13) and Verra (g = 14), ([S], [Se], [CR], [V]).
In addition Chang and Ran showed that the Kodaira dimension of Mg is negative
for g = 15, 16 and asked about the uniruledness of these moduli spaces, ([CR1]).
In this note we positively answer this question in the case of genus 15. Actually we
will show a stronger result:
(1.1) MAIN THEOREM M15 is rationally connected.
The proof relies on a property which can be observed for a general curve D of any
genus g ≤ 15, namely that there exists an embedding
D ⊂ S ⊂ Pr
where S is a smooth, regular, canonical surface and | D | is at least 2-dimensional.
For instance it is possible to show that a general D of genus g ≤ 10 admits such
an embedding in a quintic surface S ⊂ P3. Moreover it is shown in [V] that,
for g = 11, 12, 14, S can be chosen among the few other canonical surfaces which
1
2are also complete intersections, (the case g = 13, though not covered, admits a
completely analogous description).
Let D be a general curve of genus 15 and let L be a general line bundle on D having
degree 9 and satisfying h0(L) = 2, it will be shown in section 3 that
D ⊂ S ⊂ P6
where S is a complete intersection of four quadrics and OD(D) ∼= L. Birationally
speaking we can consider the moduli space
W
of pairs (D,L), which is open in the universal Brill-Noether locus Wrd,g with r =
1, d = 9, g = 15. Let
h : | D |→ W
be the natural map sending A to the isomorphism class of (A,OA(A)). It turns out
that h is generically finite onto its image and that the same is true for f · h, where
f :W →M15
is the forgetful map, (see 4.12). This implies a quite interesting property: through
a general point of W always passes a rational surface. In particular it follows that
both W and M15 are uniruled. To prove that M15 is rationally connected we
consider the divisor
∆0 ⊂M15
parametrizing isomorphism classes of nodal stable curves of arithmetic genus 15.
As is well known ∆0 is dominated by the moduli spaceM14,2 of 2-pointed curves of
genus 14. We show in section 3 that M14,2 is unirational. Hence ∆0 is unirational
and the proof of the rational connectedness of M15 can be sketched as follows:
let xi = [Di], i = 1, 2, be general in M15 and let Li be a line bundle on Di with
deg Li = 9 and h
0(Li) = 2. As above we have an embedding
Di ⊂ Si ⊂ P
6
where Si is a smooth complete intersection of four quadrics and ODi(Di)
∼= Li. In
the 2-dimensional linear system | Di | we can choose a Lefschetz pencil Pi containing
Di andD
′
i, whereD
′
i is a nodal curve defining a general point x
′
i of ∆0. In particular
this implies that x′i is smooth for M15, Pi defines an irreducible rational curve Ri
in M15 containing xi and x
′
i. Since ∆0 is unirational x
′
1 and x
′
2 are connected
by an irreducible rational curve R′. Therefore x1, x2 are connected by a chain
R = R1 ∪ R2 ∪ R
′ of irreducible rational curves. Moreover U ∩ R is connected,
where U is the regular locus of M15. Hence M15 is rationally connected.
We do not know at the moment whetherM15 is unirational, nor if this is plausible.
In view of affording the uniruledness of Mg, in the cases where this is unknown,
it could be interesting to have some indications about the possible embeddings
D ⊂ S ⊂ Pr, where S is a canonical surface and D is general of genus g ∈ [16, 22].
Finally it seems worth to address the following natural
(1.2) PROBLEM For which values of g is Mg rationally connected?
32. Curves of degree 19 and genus 15 in P6.
In the Hilbert scheme Hilb19,15,6 of all curves of degree 19 and genus 15 of P
6 we
consider the open set H whose points are stable, non degenerate, smoothable curves
and its open subset
(2.1) D = {D ∈ H / h1(TP6 ⊗OD) = 0}.
Assume that
D 6= ∅
and consider any D ∈ D. As is well known the condition h1(TP6 ⊗OD) = 0 implies
that the Kodaira-Spencer map dtD : H
0(ND) → H
1(TD) is surjective. Since dtD
is the tangent map at D of the natural map
(2.2) t : D →M15,
it follows that t is dominant. On the other hand, for these values of the degree
and of the genus of D, there exists a unique irreducible component of H which
dominates M15. Therefore D is an irreducible open subset of such a component.
We will show in a moment that D is non empty. Previously we want to explain
more of the geometric situation: fix a general curve D of genus 15, then its Brill-
Noether locus
(2.3) W 1
9
(D) = {L ∈ Pic9(D) / h0(L) = 2}
is a smooth, irreducible curve. This indeed follows from the general Brill-Noether
theory because the Brill-Noether number ρ(d, g, r) is one if (d, g, r) = (9, 15, 1). It
is not difficult to check that, since D is general, the line bundle ωD ⊗ L
−1 is very
ample and defines an embedding
D ⊂ P6
as a curve of degree 19. D is a general point in the irreducible component of H
which dominates M15. A priori we could have h
1(TP6 ⊗ OD) = h
1(ND) ≥ 1 for
every D in such a component, but this is not the case if D 6= ∅. To show that D is
non empty we consider the nodal, reducible curve
(2.4) Do = R ∪A
where R is a rational normal sextic curve in P6, A is a smooth, irreducible, non
degenerate curve of degree 13 and genus 8 and
(2.5) R ∩A = {z1, . . . , z8} =: Z
is a set of 8 distinct points on R. Note that these points are in general position,
indeed this happens for any set of n+2 distinct points lying on a smooth, irreducible
rational normal curve of Pn. Notice also that
OA(1) ∼= ωA(−p)
where p is a point. We want now to show that Do ∈ D.
4(2.6) PROPOSITION h1(TP6 ⊗ODo) = 0.
PROOF Tensoring by TP6 the standard exact sequence
0→ ODo → OR ⊕OA → OZ → 0
and passing to the associated long exact sequence we obtain
(2.7) 0→ H0(TP6 ⊗ODo)→ H
0(TP6 ⊗OA)⊕H
0(TP6 ⊗OR)→
→ H0(TP6 ⊗OZ)→ H
1(TP6 ⊗ODo)→ H
1(TP6 ⊗OA)⊕H
1(TP6 ⊗OR))→ 0.
Since OR(1) is non special, the standard Euler sequence
0→ OR → OR(1)
7 → TP6 ⊗OR → 0
implies that h1(TP6 ⊗OR) = 0. It is also standard that the restriction
b : H0(TP6 ⊗OR)→ H
0(TP6 ⊗OZ)
is an isomorphism. Indeed the Euler sequence induces a diagram
H0(OR(1))
7 a−−−−→ H0(TP6 ⊗OR)
b
−−−−→ H0(TP6 ⊗OZ))
such that a is surjective and b · a is the natural evaluation map. Then b · a is
surjective and b is surjective, hence an isomorphism. From the previous arguments
it then suffices to show that h1(TP6 ⊗OA)) = 0. Let A
′ be the canonical model of
A and recall that A is obtained from A′ by projection from p. Consider the natural
diagram
0 −−−−→ H0(A′, ωA′(−p))⊗OA′ −−−−→ H0(A′, ωA′)⊗OA′ −−−−→ H0(A′, ωA′ |p)⊗OA′ −−−−→ 0


y


y


y
0 −−−−→ ωA′(−p) −−−−→ ωA′ −−−−→ ωA′ |p −−−−→ 0
where the first two vertical arrows are given by evaluation and are both surjective.
If we dualize and twist the exact sequence that one obtains from the snake lemma
we obtain the sequence
0→ OA′(1)→ TP7 ⊗OA′(−p)→ TP6 ⊗OA → 0.
We are then reduced to show that h1(TP7⊗OA′(−p))) = 0, but this is a consequence
of the fact that, since A′ is canonical, h1(TP7 ⊗ OA′) = 0 and we can factor the
natural surjection H0(P7, TP7)→ TP7 |p → 0 through H
0(TP7 ⊗OA′)→ TP7 |p.
The next theorem is a well known consequence of the vanishing of h1(TP6 ⊗ODo),
(cfr. [HH]1.1).
(2.8) THEOREM Do is smoothable.
5The theorem implies that the natural morphism t : D →M15 is dominant. Let W
be the moduli space of pairs (D,L) such that D is a general curve of genus 15 and
L ∈ W 1
9
(D), in addition we can consider the natural morphism
(2.9) u : D →W
sending D ∈ D to the moduli point of (D,L), where L = ωD(−1). It is clear from
the previous results and remarks that u is also dominant. So we can summarize
the main achievements of this section as follows:
(2.10) COROLLARY D is non empty and dominates both W and M15.
3. Embedding D in a smooth (2,2,2,2) complete intersection of P6.
In this section we show that a general D ∈ D is embedded in a smooth complete
intersection of 4 quadrics and that h0(ID(2)) = 4, where ID is the ideal sheaf
of D. We will use a reducible curve Do = R ∪ A of the type considered in the
previous section, proving that Do embeds in a reducible complete intersection of 4
quadrics So and that the pair (Do, So) is smoothable. We start with a smooth, non
degenerate sextic Del Pezzo surface
(3.1) Y ⊂ P6.
The ideal sheaf IY of Y is generated by quadrics: this implies the next property.
(3.2)LEMMA The intersection scheme of four general quadrics containing Y is a
reduced surface
(3.3) X ∪ Y,
where X is a smooth, irreducible component. Moreover the intersection scheme of
X and Y is a smooth, irreducible curve
(3.4) B = X ∩ Y.
PROOF Let σ : P → P6 be the blowing up of Y , E the exceptional divisor of σ,
H the pull-back of a hyperplane by σ. Since IY is generated by quadrics the strict
transform
of
| IY (2) |
is a base point free linear system and coincides with
| 2H − E | .
By Bertini theorem the intersection of 4 general elements Q′1, . . . , Q
′
4 ∈ | 2H−E | is
a smooth surface X ′. Since (2H−E)6 = 4 is positive, X ′ is connected. Furthermore
we can assume that
B′ = Q′
1
∩ . . .Q′
4
∩ E
is a smooth, connected curve and that σ/B′ : B′ → P6 is an embedding. Then
σ/X ′ : X ′ → P6 is an embedding too and X = σ(X ′) has the following properties:
6(i) X ∪ Y is the complete intersection of the quadrics Qi = σ(Q
′
i), i = 1, . . . , 4. (ii)
B = σ(B′) is the intersection scheme of X and Y . This completes the proof.
The complete intersection of four quadrics X∪Y is a canonical surface i.e. ωX∪Y ∼=
OX∪Y (1). This implies that ωY (B) ∼= ωX∪Y ⊗ OY ∼= OY (1). Since ωY ∼= OY (−1)
it follows that
B ∈| OY (2) |
is a quadratic section of Y and a canonical curve of genus 7. The surface X is
described in detail in [V], in particular X is obtained from the blowing up
σ : X → P2
of 1 1 points e1 . . . e11 in general position. Let Ei be the exceptional divisor over
ei, L the pull-back of a line by σ, H a hyperplane section of X then
| H |=| 6L− 2(E1 + · · ·+ E5)− E6 − · · · − E11 | .
It is easy to see that a general curve
R ∈| 2L−E1 −E2 −E10 −E11 |
is a smooth, irreducible rational sextic curve.
(3.5) PROPOSITION R is non degenerate.
PROOF R is non degenerate iff | H − R |=| 4L − E1 − E2 − 2E3 − 2E4 − 2E5 −
E6 −E7 −E8 −E9 | is empty. Note that (H −R)E10 = (H −R)E11 = 0 and that
(H − R)2 = −2. Then consider the contraction f : X → X ′ of E10 and E11. Let
C ′ = f∗C with C ∈| H − R |, then C
′2 = C2 = −2. As is well known there is
no effective −2 curve on the blowing up of P2 in n ≤ 9 general points. Hence C
cannot exist and | H −R | is empty.
Notice also that
(3.6) ωX(B) ∼= OX(H)
so that H − B ∼ −3L+E1 + · · ·+E11 is the canonical class.
(3.7) PROPOSITION Let IY ∪R be the ideal sheaf of Y ∪R, then
h0(JY ∪R(2)) = 4.
PROOF Since X ∪ Y is the complete intersection of four quadrics and X ∩Y = B,
it suffices to show that h0(OX(2H − B − R)) = 0. Note that 2H − B − R ∼
L−E3−E4−E5+E10+E11. Moreover (2H−B−R)E10 = (2H−B−R)E11 = −1.
This implies that an effective C ∈| 2H − B − R | contains E10 and E11. But then
C = C ′+E10+E11 with C
′ ∈| L−E3−E4−E5 |. This is a contradiction because,
since the points e3, e4, e5 are not collinear, | L − E3 − E4 − E5 | is empty. Hence
| 2H − B −R | is empty and h0(OX(2H −B −R)) = 0.
7(3.8) PROPOSITION | OB(R) | is a base point free pencil of degree 8.
PROOF One easily computes RB = 8. Note that KX − (R−B) ∼ H −R so that,
by Serre duality, hi(OX(R − B)) = h
2−i(OX(H − R)). Since R is irreducible and
R(R −B) = −8, we have h2(OX(H −R)) = 0. On the other hand proposition 3.5
implies that h0(OX(H −R)) = 0. Since χ(OX(H −R)) = 0, it follows h
1(OX(H −
R)) = 0 and hence hi(OX(R − B)) = 0 for i = 0, 1, 2. Then the statement follows
considering the long exact sequence of
0→ OX(R −B)→ OX(R)→ OB(R)→ 0
Now we consider on Y the linear system
| B +N |
where N is one of the 6 lines contained in Y . We have BN = 2, pa(B +N) = 8,
deg B +N = 13. Since B is a quadratic section of Y we have also h1(OY (B)) = 0
and the exact sequence
0→ H0(OY (B))→ H
0(OY (B +N))→ H
0(ON (B))→ 0.
It easily follows from the sequence that | B + N | is base point free and that its
general element is smooth, irreducible. As above we consider a general R in the
pencil | 2L−E1 − E2 − E10 −E11 |. Since | OB(R) | is base point free of degree 8
and R is a rational normal sextic, we can assume that the intersection scheme
Z = B ∩R
is smooth and supported on 8 points in general position. Moreover we can also
assume that B ∩N and Z do not intersect. Let IZ/Y be the ideal sheaf of Z in Y ,
we have the following:
(3.9) PROPOSITION The base locus of | IZ/Y (B +N) | is Z.
PROOF Note that B +N is smooth along Z and that the linear system | OB(B +
N − Z) | is base point free. Then the statement follows if the restriction ρ :|
B + N |→| OB(B + N) | is surjective. Since h
1(OY (N)) = 0, the surjectivty of ρ
follows from the long exact sequence of
0→ OY (N)→ OY (B +N)→ OB(B +N)→ 0.
The proposition implies that a general
A ∈ | IZ(B +N) |
is a smooth, irreducible curve of degree 13 and genus 8. Moreover the curve
Do = A ∪R,
8is nodal with degDo = 19, pa(Do) = 15, Sing Do = Z. We know from section 2
that
Do ∈ D,
where D is the open subset of the Hilbert scheme of Do parametrizing nodal, non
degenerate, smoothable curves D satisfying h1(TP6 ⊗OD) = 0.
(3.10) PROPOSITION h0(IDo(2)) = 4 and h
i(IDo(2)) = 0, i > 0.
PROOF We have h1(ODo(2)) = 0 and h
0(ODo(2)) = 24, this can be easily proved
considering the standard exact sequence
0→ ODo(2)→ OA(2)⊕OR(2)→ OZ(2)→ 0
and its associated long exact sequence. Then, by the standard exact sequence
0→ IDo(2)→ OP6(2)→ ODo(2)→ 0,
it follows that hi(IDo(2)) = 0 for i > 1 and that h
1(IDo(2)) = 0 iff h
0(IDo(2)) =
4. Finally we observe that the natural inclusion | IY ∪R(2) |⊆| IDo(2) | is an
equality. Indeed let Q be a quadric containing Do, then Q ∩ Y contains A. But
A is linearly equivalent to B + N where B is a quadratic section of Y and N is
effective. Therefore Q contains Y . Since R ⊂ Do, it follows that Q contains Y ∪R
and hence h0(IDo(2)) = h
0(IY ∪R(2)). By proposition 3.7 h0(IY ∪R(2)) = 4 and
this completes the proof.
The proposition implies that a general D ∈ D is contained in a unique complete
intersection S of four quadrics. More precisely one can show the following:
(3.11) THEOREM For a general D ∈ D one has D ⊂ S, where S is a smooth
complete intersection of 4 quadrics. Moreover it holds h0(ID(2)) = 4 for the ideal
sheaf ID of D.
PROOF The curve Do is contained in X ∪ Y which is a complete intersection of
4 quadrics. Moreover, by 3.10, its ideal sheaf IDo satisfies h
0(IDo(2)) = 4 and
hi(IDo(2)) = 0, i > 0. Then, by standard semicontinuity arguments, a general
D ∈ D satisfies the same properties. In particular the base locus S of | ID(2) | is a
complete intersection of 4 quadrics. It remains to show that S is smooth. Let us
consider the standard exact diagram of tangent and normal bundles,
0 −−−−→ TDo −−−−→ TP6 ⊗ODo −−−−→ NDo −−−−→ T
1
Z −−−−→ 0


y


y


y


y
0 −−−−→ TSo ⊗ODo −−−−→ TP6 ⊗ODo −−−−→ NSo ⊗ODo −−−−→ T
1
So
⊗ODo −−−−→ 0
where So = X ∪ Y and T 1Z , T
1
So
are the sheaves defined by the T 1-functor of
Lichtenbaum-Schlessinger. T 1Z and T
1
So
are respectively supported on the singular
loci of Do and of So, it is easy to check that T
1
Z = OZ and that T
1
So
is a line bundle
on B. Furthermore we have T 1So ⊗ODo = ODo∩B and the vertical arrow
T 1Z → T
1
So ⊗ODo
9is the natural injection OZ → ODo∩B . We know that Do is smoothable, let δ ∈
H0(NDo) be an infinitesimal deformation which is induced by an effective smoothing
of Do. Then, as is well known, the image of δ in T
1
Z is non zero at each z ∈ Z, (cfr.
[S2]). Let
δ1 ∈ H
0(NSo ⊗ODo)
be the image of δ. Then, by the commutativity of the diagram, the image of δ1
in T 1So ⊗ ODo is non zero at each z ∈ Z ⊂ Do ∩ B. On the other hand every
x ∈ Do ∩B − Z is smooth for Do and it is obvious that we can choose δ such that
δ1(x) 6= 0. Finally we observe that the restriction map
r : H0(NSo)→ H
0(NSo ⊗ODo)
is surjective. To see this it suffices to tensor by NSo the standard exact sequence
0→ IDo/So → OSo → ODo → 0.
Passing to the long exact sequence the surjectivity of r follows if h1(IDo/So⊗NSo) =
0. Now NSo = OSo(2)
4 because So is the complete intersection of 4 quadrics. So
it suffices to show that h1(IDo/So(2)) = 0. This easily follows from the long exact
sequence of
o→ ISo(2)→ IDo(2)→ IDo/So(2)→ 0
and proposition 3.10. Since r is surjective, δ1 lifts to an infinitesimal deformation
σ ∈ H0(NSo).
By the commutativity of the diagram the image of σ in H0(T 1So) is not zero at each
x ∈ B ∩Do. Finally let
(St, Dt), t ∈ T,
be an effective deformation of (So, Do) induced by σ. Then such a deformation
smooths Z = Sing Do so that Dt is smooth. Moreover it smooths Do ∩ B as a
subset of B = Sing So. This implies that St has at most finitely many singular
points and that they are not in Dt for t 6= o. Let t 6= o, it is easy to show that
(Dt, St) deforms to a pair (D,S) such that Sing S is empty: we leave this to the
reader.
4 Proof of the main theorem.
In this section we prove the main theorem of this paper i.e. that M15 is rationally
connected. At first we need to show that the moduli space
(4.1) M14,2
of 2-pointed curves of genus 14 is unirational. With this purpose we consider the
Hilbert scheme Hilb14,8,6 of curves in P
6 having degree 14 and arithmetic genus 8.
It is known that a non degenerate, linearly normal, smooth, irreducible curve
(4.2) C ⊂ P6
10
of degree 14 and genus 8 is projectively normal and generated by quadrics, ([V]).
Let
C ⊂ Hilb14,8,6
be the open subset parametrizing all curves with the above properties, then (see
[V]):
(4.3) PROPOSITION C is irreducible and unirational.
It is standard to construct a projective bundle h : P → C such that the fibre of P
at C is
PC =| IC(2) |,
IC being the ideal sheaf of C. Since C is projectively normal, dim PC = 6. We
have:
(4.4) PROPOSITION Let V ⊂ PC be a general 4-dimensional linear system of a
general C ∈ C, then the base locus of V is
C ∪D
where D is a smooth, irreducible curve of genus 14 and degree 18. Conversely let
D ⊂ P6 be a curve of genus 14 and degree 18 with general moduli, then D is in the
base locus of V for some pair (C, V ).
PROOF See [V].
Using the previous results we can easily construct a rational dominant map
(4.5) φ : C ×P6 ×P6 →M14,2.
Indeed let (C, x, y) ∈ C × P6 × P6 be a sufficiently general element, then we can
assume that x, y are not in C and moreover that the linear system
V
of all quadrics containing C ∪ {x, y} is 4-dimensional. In view of the previous
theorem we can also assume that the base locus of V is
C ∪D
where D is a general curve of genus 14. Then we define φ by setting
(4.6) φ(C, x, y) = [D, x, y]
where [D, x, y] denotes the moduli of the 2-pointed curve (D, x, y). It is clear, by
proposition 4.4, that φ is dominant. Since C is unirational, it follows that
(4.7) THEOREM M14,2 is unirational.
Now we consider the divisor
(4.8) ∆0 ⊂M15
11
parametrizing stable singular curves of arithmetic genus 15. As is well known there
exists a natural rational map of degree two
(4.9) ψ :M14,2 → ∆0
sending [D, x, y] to the moduli point of the stable curve obtained from D by glueing
x to y. In particular we have:
(4.10) COROLLARY ∆0 is unirational.
Let D ∈ D be a general smooth curve of degree 19 and genus 15, we know from
section 3 that
D ⊂ S
where S is a smooth complete intersection of four quadrics. Since D is non degener-
ate, the sheaf OD(1) is special and ωD(−1) is an element of the Brill-Noether locus
W 1
9
(D). We want to point out that | ωD(−1) | is a base-point-free pencil and that
D is linearly normal. This follows because a general D ∈ D has general moduli.
Then D has no g29 nor a g
1
k with k ≤ 8 and hence | ωD(−1) | is a base-point-free g
1
9 .
Moreover, by Riemann Roch, dim | OD(1) |= 6, therefore D is linearly normal.
Since S is a canonical surface we have ωD(−1) ∼= OD(D). Then, from the standard,
exact sequence
0→ OS → OS(D)→ OD(D)→ 0
it follows that
(4.11) dim | D |= 2.
Notice also that | D | is base point free, because | OD(D) | is base point free. We
expect that a general pencil in | D | is a Lefschetz pencil and that a singular element
of | D | defines a general point of ∆o. We will see that this is actually true.
(4.12) LEMMA Let D be as above, then a general singular element of | D | is an
irreducible curve with exactly one ordinary node and no other singularity.
PROOF Let f : S → P2 be the covering of degree 9 defined by | D |. Since D
is general, the linear series | OD(D) | has simple ramification. Hence the branch
curve B of f is reduced. This implies that a general tangent line to B intersects
B transversally except for the tangency point. Hence a general singular element of
| D | is integral with exactly one ordinary node.
Let us recall once more that a general smooth element D ∈ D has the following
properties:
(i) D ⊂ S, where S is a smooth complete intersection of 4 quadrics and h0(ID(2)) =
4.
(ii) | ωD(−1) | is a base-point-free pencil and D is linearly normal.
(iii) The Petri map
µD : H
0(ωD(−1))⊗H
0(OD(1))→ H
0(ωD)
is injective.
12
(iv) The family of the singular, irreducible curves
Γ ∈| D |
having an ordinary node as a unique singularity is non empty and hence 1-dimensional.
(i) holds by theorem 3.10 and (iv) by the previous lemma, while (ii) has been just
remarked above. The injectivity of µD follows from Gieseker-Petri theorem because
D has general moduli, notice also that the Brill-Noether locus W 19 (D) is a smooth,
irreducible curve. The family of all curves Γ as in (iv) will be denoted as
Do.
(4.13) LEMMA For each Γ ∈ Do (ii) holds for Γ and the Petri map µΓ is injective.
PROOF Recall that S is a canonical surface, so that ωC(−1) ∼= OC(C) for any
curve C ⊂ S. A general D ∈| Γ | satisfies conditions (ii) and (iii), in particular
| OD(D) | is a base-point-free pencil. Then it follows from the standard long exact
sequence
0→ H0(OS)→ H
0(OS(D))→ H
0(OD(D))→ 0
that | D | is 2-dimensional and base-point-free. Replacing OD by OΓ in the above
sequence, it follows that | ωΓ(−1) | is a base-point-free pencil. Let H be a hyper-
plane section of S, by Serre duality h1(OS(H)) = h
1(OS) = 0. Hence we have the
long exact sequence
0→ H0(OS(H −D))→ H
0(OS(H))→ H
0(OD(H))→ H
1(OS(H −D))→ 0.
Since a generalD ∈| Γ | is non degenerate and linearly normal, it follows h0(OS(H−
D)) = h1(OS(H −D)) = 0. Then, replacing as above OD by OΓ, we deduce that
Γ is non degenerate and linearly normal. It remains to show that the Petri map
µΓ;H
0(OΓ(D))⊗H
0(OΓ(H))→ H
0(OΓ(H +D))
is injective. By the base-point-free pencil trick we have Ker µΓ ∼= H
0(OΓ(H−D)),
cfr. [ACGH] p.126. For the same trick we have dim Ker µD = h
0(OD(H −D)) for
each D ∈| Γ |. Since µD is injective for a general D, the map D → h
0(OD(H −D))
is generically zero on | Γ |. Since h1(OS(H −D) = 0, the standard exact sequence
0→ OS(H − 2D)→ OS(H −D)→ OD(H −D)→ 0
yelds the long exact sequence
0→ H0(OD(H −D))→ H
1(OS(H − 2D))→ 0→ . . .
Then we have h0(OΓ(H −D)) = h1(OS(H − 2D)) = 0 and µΓ is injective.
Let D be the closure of D in the Hilbert scheme, then D contains the dense open
set
U
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parametrizing those integral curves D ∈ D which satisfy the previous conditions
(i), (ii), (iii), (iv) and have at most one ordinary node as their only singularity.
Note that
Do ⊂ U
as a divisor. Indeed (i) implies that U is ruled by the family of surfaces UD =: U∩ |
D |, where D ∈ U . Moreover UD ∩ D0 is pure of dimension 1. We consider the
natural map
f : U →M15.
Since U is open in D the map f is dominant, we want to show something more:
(4.14) PROPOSITION The map f/D0 : D0 → ∆0 is dominant.
PROOF It suffices to show that f : U → M15 has fibres of constant dimension.
Then, since D0 is a divisor in U and f(D0) is contained in the irreducible divisor ∆0,
the statement follows from a count of dimensions. For any D ∈ U let us consider
the fibre FD = f
−1f(D) and the natural morphism
h : FD →W
1
9
(D) ⊂ Pic9(D)
sending D′ ∈ FD to the point ωD′(−1) of the Brill-Noether locus W
1
9
(D). We
know that D′ is linearly normal, therefore h−1h(D′) is just the family of all curves
projectively equivalent to D′. In particular dim h−1h(D′) = dim PGL(7). On the
other hand the Petri map
µD′ : H
0(ωD′(−1))⊗H
0(OD′(1)→ H
0(ωD′)
is injective i.e. its corank is one. This implies that W 19 (D) is smooth of dimension
one at its point ωD′(−1). Let L be in a small neighborhood N of ωD′(−1) in
W 19 (D). Then, by standard semicontinuity arguments, we can assume that | L | is
a base-point-free pencil and that ωD ⊗ L−1 defines an embedding of D in P6 as
a linearly normal curve D”. By the same semicontinuity arguments we can also
assume that D” ∈ U so that h(D”) = L. But then N ⊂ h(FD) and it follows
that each irreducible component of h(FD) is a curve. This implies that dim FD =
dim PGL(7) + 1 = 49, for each fibre FD.
(4.15) PROOF OF THE MAIN THEOREM We can finally conclude this note by
proving that M15 is rationally connected. Fix two general points [D1] and [D2] in
M15, then fix a general Li in the Brill-Noether locus W
1
9 (Di), i = 1, 2. Consider
the embedding
Di ⊂ P
6
defined by the line bundle ωDi ⊗ L
−1
i . Di is a general element of D, in particular
Di ⊂ Si
where Si is a smooth complete intersection of 4 quadrics. Take a general pencil
Pi ⊂| Di | containingDi and consider one elementD
0
i ∈ Pi which is a singular curve.
Then [D0i ] is general in ∆0 and hence smooth for M15. Since ∆0 is unirational,
14
there exists an irreducible rational curve R containing [D1]
0 and [D0
2
]. Let Ri be
the image of Pi in M15 and let U ⊂M15 be the open set of regular points. Then
U ∩ (R1 ∪R2 ∪R)
is a connnected chain of rational curves joining [D1] to [D2]. This implies the
rational connectedness of M15.
(4.16) REMARK The unirationality of W and M15 would follow if there exists
a unirational variety V ⊂ D which intersect a general | D | in finitely many points.
It is not clear to us whether such a V exists.
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